
1a) Let23-1 and f a monotone function

on 10. 1). If the improper integral/!xf(x) dy
exists, then h**f(x) =0

timfexs #10, then finx*faxs =0 istrivial
Pf: If X-0

X-0

W.L.O.G., suppose (mfix)
=

0. Then f is non-increasing
and I so St. fixxz0, F0cx<8'

Fix 330. Since (I*faxidxexists,

by Cauchy's Criterion, there exists 8710,5)

st. for any ocx, xx,26,1498x dx -- (at)
For my 3530,63, letx, = 1 and x =Y.

Then
a1-t)>(*fxdx 2

>? *fiyidx
=fix(?x*dx
-x*
=(1 - +1)ya+ f(y)

Therefore, for any yet, 81, y**fy) < 2.

Hence, him **f(x) =0
X+ P -



(b) If feRTo, 1, then the setofall

continuous points is dense on Io,.

If f is a function on IR with 14t
exists, the statement still holds.

Pf: · Suppose not.

Then there exists an open
interval I

such thatI is discontinuous at

any xt].

Since feRio, 1, by Lebesque Criterion,

the setD of all discontinuous points

isa null set.

Pick 3 =121.

By def, there
exists a countable

collection (Jnh ofopen intervals

such that3nxDXIand

(u) < =1II.

contradiction!



Suppose is on IR and (t exists.
LetE =TX: ofcontinuous atX).

Pick any nonempty open UCR, we wish to

show UIEFP:
Pick M large such thatU15M, M)#4.

LetV =4 1 (m,M).

Since of exists, flimm1tREm,MI.
They E1-M,M1 isdenise on I-M,M1.

Thus Ef[M,m11 VFp.

Hence UIEF4.

- 11



(1) LetfERLo, 11. Then

St=0 if and only iff(x) =0 for
all continuous point 2 offo

Pf: (=)) Suppose there exists (ET0,17

sit. f is continuous ata

and fill to

Then fi is continuousatc

andfics>0.

By continuity, there exists an

interval [a, bICt01 such that ctIa,b1

and fixfor any xt[a,b)
Time Ifindfix dx

>(b - a) >0.
contradiction!

(E) Suppose fic) =0 for all continuous

points off

By (b), f iscontinuous on a

dense set of[0.11.



Then t =0 on a dense set of[0,1.

Pick any partition p=(x0,x., . . .,x) of. E,
27;P) =Emt)f(x):xt[xn-, xu1[(xn -Xn-1)

n
=1

C

=20 · (Xn -Xn-1)
n=1

=O
-

Since P is arbitrary, It =(H)
-sup (<f;P)

=0

Since feRio, 1. lot:16t =0.
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2. U: IR" ->RR satisfies for any . YER", to o
· n(x+Y) < n(x) +uy)

· ustX1=tusE)

(a) Fix E,TER. Show
that

(i) f: RR-IRby fit) =nxx+th) is convex

nix+tt) - use)
is

(ii) 9: 1RY) -> IR by gets = t

monotone.

Pf: (i) For any t, SEIB,
for any 2tC0, 1),

f(x++x-x)s)
=u(x+[x++x1-x)s7t)
=u12x+(1-x,x+2th+(1-x)st)

=u(ak++) +(1-x)(x+st))
u((x+tt)) +n)(1-2,(x+still
=2n1x+th) + (1-x)u)x+st1)
=afit) +(1-2)f(S).

(ii) Here, we assume octas

The other cases (t<sc0/t(0 < s)

are left as an exercise.

usx+st) - ux)
-

ultth) - uxs
q(s) - g(t) = S t

= tuxxtst) - tuix) - sucx+th)+Swix)
st



(t =.st) -510) tui+sh)
-tuis- sitncxtst)+1-5,u())+sucs

st

=

O

-

(b) Fix E,TER". Show that

nix+th)+nix-th) - zuce)
fun
nix+tt) - mix) exists if I =O

+-o I t

C: =
linux+th) -nix) exists.

Pf: (=>) Suppose t-> o t

nix+th)+nix-th) - zuce)Then fir
to

t

= lim
usx+th) - nc)

-I
nix-th -uie,

+-o t - t

=- =

0

a:=lirnifn/x+tt)
- wit

(E) Suppose
+-o
I

n(x+tt) - wil
<Dinsup I =b.
+-o

Then fir nix+th)+nix-th) - zuce)
to sup t

-fin
wx+th) - nix)

-lih-nixst



=b- a >0.

Contradiction!
-

CFix XER". Suppose uss) =fn*+ts
us exists for all TER".

show thatns:R" -> IR is linear.

Pf: · Pick any GER.

If a50, ns(2t) =0=2ush)

If 2 to, v4124) =fim
"+2ts - uses

+-0 t

u(x++xt) - uc)
=Glim
+-x +2

u(x+st) - uc)
=Gei (s =t2)

Stx S

=dush).

· Pick any . 't IE.

u(x++)4+41) ==uxx
++1h+4))

Then I

-> I(uix++h) +ux+th))

Fur txo, u(x+Ect+ti)) I usx+ th) +n(x+th)
t t

-: =since wish eists exists for any TEIR",



uxch+ts=In,n4x+tshl)-ulY)<fim nix+th)+ln(x+titot t tot t

=wits + nish).

Fur tco,u(x+Ect+ti))> usx+ th)
+n(x+th)

I t t

t-o
uke+tsl)-nIY) Imth)+l*thThus withthi:fin I

=wits + nish).

Hence, nichth) =rxct)
+nxst).
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